AD=A091 960

UNCLASSIFIED

PITTSBURGH UNIV PA INST FOR STATISTICS aND APPLICATIONS F/6 1271
NRISTRIBUTIONS OF SOME MATRIX VARIATES AND LATENT ROOTS IN MULTI==ETC(U}
GEP 80 Y CHIKUSE ='096zo-79-c-0161
AFOSR=TR=80~1166

. ......l....
B
END
are
e
-8l
onic




ANy
£ ddo it

ADA091960

4

i)y FILE cop

AFOSR-TR- 80-11686 T S

e

DISTRIBUTIONS OF SOME MATRIX VARIATES AND
LATENT ROOTS IN MULTIVARIATE BEHRENS-FISHER
DISCRIMINANT ANALYSIS

Yasuko Chikuse*

Kagawa University, Japan Q
gy h ‘»‘r

and

Department of Mathematics and Statistics
University of Pittsburgh

September 1980

Technical Report No. 8012

Institute for Statistics and Applications

Department of Mathematics and Statistics
University of Pittsburgh
Pittsburgh, PA. 15260

* The work of this author was partially supported by the Air Force
Office of Scientific Research, Air Force Systems Command under
Contract F49620-79-C~0161. Reproduction in whole or §n part is
permitted for any purpose of the United States Goverr&ent.

b3

“Approved for public release}
distributionunlimitede

80 11 06 n47

A




."" . e s A gt AN s S TR T

> v

- SUMMARY

v

TN

In this paper it is shown that some aiééfibutions of the matrix
variates and latent roots arising in the multivariate Behrens-
Fisher discriminant problem can be explicitly expressed in terms
of the invariant polynomials with two matrix arguments, due to

A. W, Davis, extending the zonal polynomials of matrix argument.
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1. INTRODUCTION /{ ‘ ,/,7-,:_,/&‘; 777 Y -/ )

We are interested in the discrimination problem of two A—J;:j 7 - J'i
multivariate normal populations under the heterogeneity of pop- ‘ ;i ’ // f;w /
. J !

ulation covariance matrices. Distributional Problems for the S 4 ;
univariate case have been investigated by many authors (e.g.,

McCullough, Gurland and Rosenberg (1960), Ray and Pitman (1961)

and Welch (1947)), and Gurland and McCullough (1962) and Wehrhahn

and Ogawa (1975) took into consideration the preliminary testing

e e

procedures for the null hypothesis of the equality of the variances.

Yao (1965) considered approximate distributions of a Hotelling's

2
T -type statistic in the multivariate case. However, to the

author's knowledge very little work has been published on the multivariate

b htir &

Behrens-Fisher discriminant problem. Our Behrens-Fisher matrix statis-

——nr

tic for the multivariate case may be in the form
- -4
D= (Sl + 82) So(sl + Sz) (1.1)

vhere the m x m matrices S, are independently distributed as, in

i
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general, noncentral Wishart Wh(ni, z

0 9),1=0,1,2. In

practical terms, S; and S, are sample error ss. matrices, pro-
portional to estimates of the distinct population covariance
matrices, and Sy is an effects ss. matrix, estimating the
difference of the population mean matrices. 1In the case when

Iy m Ly = 0220(02> 0) and Q) = Q3 = 0, D is the well-known MANOVA
matrix (central if Qg = O and noncentral if Qg # 0). FHence, D

is an 'extension' of the MANOVA matrix in discriminant analysis.

The matrix A = (S; + Sz)-gsl(sl + Sz)—;5 is a suitable preliminary
test matrix for the hypothesis I} = I,, where in this paper we assume
Q) = Q2 = 0 whenever the preliminary testing procedures are considered.
When I; # I3, D and A are dependent, and we may be interested in the
conditional or unconditional distributions of the roots, of D, or
suitable functions of them (conditional on the roots of A).

In this paper, it is shown that some distributions of the matxix
variates and latent roots arising in the multivariate Behrens-Fisher
discriminant problem, for the null case, Q¢ = 0, can be explicitly
expressed in terms of invariant polynomials with two matrix arguments,
The invariant polynomials with two matrix arguments have been defined by
Davis (1979a), (1979b), in the need of extending the zonal polynomials
due to Constantine (1963) and James (1964). Properties, relationships
between them and applications in multivariate distribution theory are

discussed in the same papers of Davis. It is noted here that explicit

i




forms for those distributions for the non-null case, Q9 ¥ 0, i.e.,
when population mean matrices are different, can be obtained by in-
troducing invariant polynomials with three matxix arguments, extending
the work of Davis. The investigation of invariant polynomialsg with
larger number of matrix arguments will be presented in subsequent papers
(see e.g., Chikuse (1980)).

The invariant polynomials with two matrix arguments are briefly
discussed in Section 2. The joint distributions of the roots of
D and A are derived in Section 3, and the 'marginal' (and conditional)
distributions of the roots of D (conditional on those of A) are

investigated in Section 4, for the null case, Q4 = 0.




PV

2, INVARIANT POLYNOMIALS WITH TWO MATRIX ARGUMENTS

Davis (1979a), (1979b) has defined a class of homogeneous
polynomials CZ’X (X, Y) of degrees k and £ in the elements of the

m x m symmetric complex matrices X and Y, invariant under the simultaneous

transformations

X+ H'XH, Y > H'YH, H € O(m), (2.1)

vhere O(m) is the group of m * m orthogonal matrices. These satisfy

the basic relationship

"o ' = V KyA KyA
C,_(AH'XH)C, (BH'YH)dH 1¢€K.Ac¢ (A, B)C¢ (X, Y)/C¢(I), (2.2)

IO(m)
where Cx’ CA’ C¢ are zonal polynomials, indexed by the ordered partitions
X, A, ¢ of the nonnegative integers k, £, f = k + £ respectively into not
more than m parts (for the zonal polynomials, see e.g., Constantice (1963)
and James (1964)). Letting G¢(m, R) denote the group of m x m real non-
singular matrices, '¢ € k+A' signifies that the irreducible representation
of G&(m, R) indexed by 2¢ occurs in the decomposition of the Kronecker
product 2x @ 2X of the irreducible representations indexed by 2k, 2. The
properties and relationships satisfied by the C;’A, which are especially

utilized in the later sections, are summarized in the following (see

Davis (1979a), (1979b) for proofs and details):

KyA = aSsh. Kyd K, .

C¢ X, X) 9¢ c¢(v), where 9¢ c¢ (1, 1)/c¢(1), (2,3)
KoA - KyA , KyA

C¢ (x, 1) [e¢ C¢(I)/CK(I)]CK(X), and similarly for C¢’ (I, X), (2.4)
K, 0 def 0,2 def

¢ 'x, 0% ¢ 0, ¢ x, e m), (2.5)

T A T T - p
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C:’k(ax, gY) = ukszc; A(X, Y) (a, 8 complex constants), (2.6)
- ky4y2 - g¢
CC, () = [, (67D €0 = ], .8 K, 2 o X (2.7)

where g: A Z¢.=¢ ( K’A) , which is defined in Constantine (1966,
, =
Eq. (27)),
K. A ' v Ky A
J C.»"(AH'XH, AH'YH)dl = C *"(X, Y)C (A)/C (1), (2.8)
0(m) ¢ ¢ ¢

f etr (-WR)IRIa-pC';’)‘(XR YR)dR = T (a, ) [w| ¢ "’ vl wd), 2.9
R>0

vhere p = (m + 1)/2,

f Ksd(a® HXHA, B)dH = c A A A, B)C _(X)/C (1), (2.10)
oem ¢
X t-p u- t .
JOIRI |I - B| CA(AR)dR = rm(p)lXI ZK&O 2:;¢exokrm(t’¢)
Ky, Ky
(-u + P)K% C¢ (X, AX)/k!T_(t¥p, 4), (2.11)

I t-p u-p
folkl |1 =R CSA®, ToRIAR = TCE, KT, (uy D8P C (DT, (th, 6.

(2,12)
A multivariate generalization L;(X, A) of the Laguerre polynomial due
to Khatri (1977) has an expansion
LE(x, &) = (c+p), ] o5 s, /(e + 9 (2.13)
) ¢ “x,A(dexer) 'k

The following lemma is also useful.

LEMMA 2.1.

I/l a-p b-p C=p,. 4
(1> Io [o lt =r -1] |R] [T] c¢' (R, T)dRdT

O<R+T<1
oA
= I_(a)T (b, €T (c, A)e'; C (D /T Catbie, ¢),

5

kit




a-p K,

X
(11) Io IRl c, (arA', B) R = I‘m(p)rm(a,K)|X|aC¢

""(AXA',B)/rm(aﬂ,, k).

(2.15)
Proof. (i) We evaluate the integral form
[ = f [ I etr- (X + Y + 2)|x| *P|yPP |zFP C';’A(Y, z)dxdydz.
X>0 /y>0 Jz>0
Making the transformations U= X+ Y + Z, R = U-%YU-%, T = UG and
using (2.9) gives
[ = I‘m(a + b+ c, ¢A,

where A is the left hand side of (2.14). On the other hand, it may be shown

that
KyA
I = Fm(a)Fm(b, K)Pm(c, A)e¢ C¢(I).

Hence (2.14) follows.

(i1) The integral is given by the coefficient of C:’A(U, V)/k!L!C¢(I) in

X a-p
f f |R| etr (ARA'H'UH)dR etr(BH'VH)dit
O(m) ‘0

= [r (p)T (a)/T_(a + p1x? 2:’“6 XK.)\(a).c IO(m)CK(AXA'"'““)

CA(BH'Vu)dH/k!Z!(a + p)K, because of Constantine (1963, Eq. (60)),

leading to tne desired result (2.15) on using (2.2).

BB e <

Baac .



3. JOINT DISTRIBUTIUNS OF THE ROOTS OF D AND A

-l -
The latent roots of A = (S; + S,) 181(Sl + 8,) % may be utilized
as suitable preliminary test statistics for the hypothesis I; = I,

where the S1 are independently distributed as Wishart wm(ni,zi), i=1, 2.
The distributions of the roots of s}*slszg have been considered for the

Ko
X ¢
consider the matrix D = (§; + Sz)-fSo(Sl + Sz)-% in connection with

case Q3 = 0 by Davis (1979b) who expressed them in terms of the C *". We
the discriminant problem under the heterogeneity of covariance matrices,
where Sy is distributed as noncentral Wishart wm(no, Lo, Q0) independently
of S; and S. When £} = L, D and A are independent and -p is the well-
known test matrix for the null hypothesis 5 = 0 in MANOVA. When

L) ¥ I3, they are dependent and we may be interested in the conditional
distributions of the roots of D or suitable functions of them (conditional
on the roots of A),.

let d,, dz,...,dm and a,, a seeesay denote the latent roots of D and

2
A respectively (dl > d2>...>dm >0, 1> a, > a2>...>am > (). In this
section, we shall derive the joint density function of dl,...,dm and
Blyecesd) and the joint distribution functions of d; and a;. The
'marginal’ and conditional distributions of dl,...,dm will be considered

in the next section. It is shown that these distributions can be expressed
in terms of the c**) for the null case, Qg = O,

¢
Make the transformations

=L = . |
D = STi5057%, A = §7%5,57F, s=s5; +8, (3.1)




in the joint density function of Sgp, S; and § ,; then the Jacobian

2P
of the above transformation is |3 ~. D and A have the same roots as
D = H'DH and A = H'AH, H € 0O(m), respectively, averaging over 0(m),

we have the joint density function of D, A and S in the form, using

S)

(2.2),
~ - 2 o1 L mgep L Bng-p -~ Yny-p -1
£(D, A, S) = [1§0 rCm )25 *1 In) [A] |z - Al etr(-% I,
|s I& SR i ay's, - 9t e, manric (. (3.2)
K’A;¢ q) 0 » 1 2 o ¢ . s Xa ¢ . .

Integrating (3.2) over S > U, using (2.9), yields tne joint density

function of D and A in tne form

£@, &) = 0 D] FOPAPIPY s AT nfesEn

017 ¢
A=t =i L3S
Cy (20 T2, £1 T2 = DCI M, A/KIRIC (D), (3.3)
vhere
2 s =1
Cyy =T (s Z 0 )[ r Cm, ) n Ir Lz | iy . (3.4)
i=0

Here we saould acknowledge tne fact that (3.3) will not te convergent for

~

all D, which is a multivariate generalization of F.

The Joint Density Function of dl”"’dm and LS PRI I

By the usual method, the joint density function of d],...,dm and

81,...,am is derived from (3.3) in the form

1 - ] - 1 -
f(dlo"-’d s Blyeee,d ) =Cl;2lD|m0 p‘A’ml p|I‘A|m2pnl{I d, -d )
m m 1< i hj
m o oA A
ni@a, - a,) I xsoD £y in o 0" c"’ (zo ., I, zz - 1)
1<) ’ p=1 100

Y
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CK(D)CX(A)/k!z!CK(I)CX(I), (3.5)

1,2 2
where Cyp = Cul[nfm /Fm(%m)] with Cy) given by (3.4).

The Joint Distribution Function of 4, and a.

We shall obtain the joint distribution of the largest roots 4,
and a; of D and A respectively, P(0<d<§, O<aj<a) = P(0<5¥61, O<A<al),

It may be shown that

) S ~ -~
kng=pox, A dn = ) KyA tamn gk
fo |D] 0™ T (D, AYAD = I (PIT, (k)00 C, (D) g

CA(AO/FN(%n0+p, K)CA(I), because of (2.15), and then (2.4), (3.6)

o

ok, < hmy-p AP (Ryan ‘
g - 1.,
jo A 1 - A Cy(Adn = Fm(p)zs=0 zo;rec-xrm(qnl’ ™

2 1
(-%n2+P)0(9:’A) cT(I)aém"1+t/rm(%n1+p, T)s!, because of (2.11). (3.7)

Thus, (3.6) and (3.7) with (3.3) establish the joint distribution func-

tion of d; and a; in the form

Lmg om0 £, 2
P(0<d1<8, O<ap<a) = Cy38™ o™l ] (-1 CIo n),

o

K, A

r, -1 -1 k
N c:' (Zg %2, L1 L3 = 1)6)

] 1
(1n°)xe s=020;reo'k(5nl)1

. t
(img+p) g7 € (Do /kikte! Cmg+p) Camytp) C, (D), (3.8)

]
where

Cy3z =[ T ( )]2r ¢ ; I (m, + p)lz z'1|;‘“i]'1
3 aP ) T G : PG L PR D RRR ) .

i

1
JIT (my) 1
0 ni m 2 je

0
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4. MARGINAL AiD CONDITIONAL DISTRIBUTIONS OF THE ROOTS OF D.

Following the notation in Section 3, we shall derive the 'marginal'

joint density fumction of dl,...,dm. the distribution function of d;

and the density function of tr D, in this section. The conditional
; joint density function of dl,...,dm given al,r..,ﬂm and the conditional
distribution function P(0<d)<8|0<aj<a) are obtained from these i

'marginal' distributions and the results of Section 3.

The joint density function of 6 and A, (3.3), is integrated over § j
0 < A < I to obtain the density function of 6; making the transformation
; > H'AH, H e O0(m), and averaging over 0(m) with the use of (2.10) and
(2.4), and then averaging over 0 < ; < I with the use of Constantine

(1963, Eq. (22)), we can establish the density function of D in the form

oo

~ ~ 1 2
- . 'ﬁn()"l') - f l 1 - Kﬁ)‘
£(D) = Cs1|D| ‘K,A;¢( D) (E"I)A(ﬁiin "i)¢9¢
.
-1 ~1 ~
C:’A(Eo Izs I3 Iz = DC (D)/k!2t(s(ny + np)),C (D), (4.1)

2 1 -1 15“ -1
where Csy = T (% zn ng) [T Cing)T Ci(ny + ny)) Hnlszz [ § I
i= ‘ i= g

The Joint Density Function of dj,...,d .

By the usual method, the joint density function of dl"“’dm is

readily derived from (4.1) in the form

f 2 ]
(-1 ¢m), G T n) 1
¢ 1=

£(dyyenesd ) = cszlnl%“o'p HT(di - dJ)X°°
o "¢

i<j Kyhs

A AT s, 1T, - 1)C (D)/k1R! Cslny + 1s)).C (T) 4.2
s Co 0 Z25 I3 Iz - I)C p)/k!2!(s(ny + ny 3G (1) 4.2)

10
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where

2
Csz = Cs1n ™™ /T_(tm). (4.3)

The Distribution Function of d;.

The distribution function of d;, P(d; < 8) =z P(D < §1), {is

obtained from (4.1) in the form, using Coustantine (1963, Eq. (22)),

KaA

!5“’"0 £, 2
P(d §) = Cc46 - *sn Ln 1 n
(d) < ) 53 Z (-1) ( 0) ( I)A( 120 i)¢9¢

KsAsé
Kyhpoo ! -1 sk
C¢ (Lg Lo, Ty Ip = I)8T/kiLt(mp + P)K(%(nl + nz))xg (4.4)

where
2 1 =1 !sn -1
Csy =T (p)T (s L n)[T Cmg ¢ pIT (i) + 1n2)) 1 ]xizz [ 7. (4.5)
i=0 in0

The Density Function of tr D.

By the similar method to that used for deriving the Hotelling trace in
Davis (1Y79b, Section 8), the density function of d = tr D equal to

tr D, is obtained from (4,1) in the form

~1p® 2
£@) = csud™ 07T (nfeme), tm), 5T np),
K i=

sA5d 0

KyA

-1 -1

o

2 1 -1 -1
where Cgy = T (s £ n,)[ rGmmg)T Calny, + np)) 1 2,55 | P11 .
m (=0 i m {m0 i

(4.6) is a generalization of Constantine's series for the Hotelling trace

(see Constantine (1966)). Presumably it may converge only for |d]|<1.

The Conditional Distributions of the Roots of B Given Those of A

It is easily shown that the joint density function of the roots al.....am

sitbiiiMancia

S




of A is given by

Earse.esay) = CoslAl™IP|L - AIP2P 1l(ay - a

a
1<j 3
-1 (4.7)
1FoCs(nytny); Iy I2 - I, - A),
2

2 -1 -1
where Css = T_(s(n) + nz))w™ [ [ Cam) RRNCREE? 117, and

that the distribution function of a; is given by

=1 1am <1 -
P(ay < a) = Csgfa(l = a) 127 L,F;Cmy, %(ny4ny); 4nptp; -a(l-a) L, t2), 6 .8)

-1 -1
vhere Cs = I (p)T_Cs(n1+n2)) [ Canz)T Gy + )| 517, [*1] | and the

2F} 1s the Gaussian hypergeometric function of matrix argument (see e.g.,
James (1964)).
Hence, the conditional joint density function of di,..., dm given

8lye0es8) is obtained as

f(dl,...,dmlal,...,an) = £(d},..05d , a3,...,8 )/f(a1,..0,a), (4.9)
where f(dl,...,dm, al,...,am) and f(al,...,am) are given by (3.5) and
(4.7) respectively. When I} = Iy, (4.9) becomes independent of A in the
form of the density function of the roots of the F matrix, expressed in
terms of the ;F; hypergeometric function with two matrig arguments (see
e.g., James (1964, Eq. (65))).

The conditional distribution function of d; given a; is obtained as

P(d) < §|a; < 0) = P(d; < 6§, a; < o)/P(a; < O), (4.10)
where P(d; < 8, a, < @) and P(8, < ®) are given by (3.8) and (4,8)
respectively. When I} = I3, (4,10) reduces to the distribution function

of the largest root of the F matrix, expressed in terms of the ,F) hyper-

o
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geometric function of matrix arguments (see e.g., Chikuse (1977,
Eq. (2.4))).

Before closing this paper it is noted that we can extend some
of these results by introducing invariant polynomials with larper

numbers of argument matrices, extending the work of Davis (1979a),

(1979b). These will be discussed in subsequent papers (see e.g.,

2 Chikuse (1980)).
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